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Abstract— Given a graph  , let the set   be the collection of 

all color classes of all possible   coloring of  . The subset    

of   is the collection of color classes which are dominating sets 

of  . The maximum cardinality of such    is called dominating 

color class number of  . In this paper, the dominating color 

class number is found for several classes of graphs, as well as, 

general bounds and characterization. The relation between 

dominating color class number with other parameters of graph 

  has also been discussed.  
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I.  INTRODUCTION 

 

Most of the researchers are working on real life problems 

which are the applications of domination, coloring and both. 

Since 1999, the research work progressively increased on the 

joint application of domination and coloring. The first paper 

which has combined idea of domination and coloring was 

published by Irving and Manlove [8] in 1999. Moreover, they 

defined a parameter b-chromatic number( ) by using coloring 

with the additional condition of adjacency of vertex 

(domination). As a continuation of that, Chinh T.Hoang and 

Mekkia Kouider [5] in 2005 found some bounds on b-

chromatic number. Then the next parameter which describes as 

a combined theory of domination and coloring, named as 

Dominator Chromatic Number(  )was introduced by Gera et 

al. [6] in 2006. Further, Hedetniemi et al. [7] in 2006 and 

Arumugam [1] in 2010 extended the work on dominator 

coloring.  

 

Balamurugan et al. in 2011 defined chromatic strong 

domination number and described the results in chromatic 

strong domination number. Total dominator chromatic number 

and smarandachely k-dominator chromatic number was 

defined from dominator chromatic number and their bounds 

were also discussed. According to the definition of dominator 

chromatic number, Swaminathan et al. relaxes the condition of 

‘every vertex dominating some color class’ with ‘every color 

class is dominated by a vertex’ and defined a new parameter 

color class domination number (   ) of a graph [4].  

  

At the similar instance, Arumugam et al. [2, 3] in 2008 

determined the maximum number of maximal independent 

dominating sets in a minimum coloring of a graph, named 

Dom-color number. Later, it was named as 

Dominating   color number (  ) in 2011. John Arul Singh 

and Kala [9, 10] in 2010 proved certain necessary and 

sufficient conditions so that Min-Dom-Color number (   ) 

equals the chromatic number and characterizes a family of 

graphs with Dom-color number equals one. Global 

dominating   color number (   ) was introduced by I Sahul 

Hamid et  al. [11] in 2014. As the extensions of the above said 

findings that relates the domination and coloring theory of 

graph, in this paper dominating color class number and index 

of dominating   color number are defined as well as, 

general bounds and characterization are also explained. The 

existences of both the newly defined parameters are discussed 

and the same are examined for several classes of graphs. The 

relation between dominating color class number with other 

parameters of graph   has also been discussed. In this paper 

unless stated, the graph is simple, finite, undirected, connected 

graph.  

 

II. DOMINATING COLOR CLASS NUMBER 

 

The basic notations and more formal definitions are refferred 

from [12, 13]. The domination and coloring related 

terminologies are refferred from [14] and [15] respectively. 

 

A. Dominating--color number  

Let   be a graph with (G) = k. Let                   be a 

k-coloring of  . Let    denote the number of color classes in   

which are dominating sets of  . Then  ( )           

where the maximum is taken over all the -colorings of  , is 

called the dominating--color number of  . [3] 

Arumugam et al. [3] proved the theorems: 

Theorem 2.1 For any uniquely colorable graph  ,   ( )   

  ( )  
Proposition 2.2 For a cycle graph      

  (  )   {
           (     )
                          

 

Proposition 2.3 For a complete graph      
  (  )     (  )      

Proposition 2.4 For any connected bipartite graph  , 

  ( )     ( )      

B. Dominating Color Class Number  

Let   be a graph with ( )     . Let                  be 

one of the    coloring of  . Let    denote the color classes in 

   which are dominating sets of  . Then  ( )   |    | 
where the union is taken over all the   colorings of  , is 

called the dominating color class number of  .  In other words, 

maximum number of distinct dominating sets in set of color 

classes of all possible   colorings of   is named the 

dominating color class number of  .  There is no non-trivial 

graph which has dominating color class number equal to one. 

Also, for the chromatic number of other than null graph is 

greater than one.  

 

C. Index of dominating   color number  

The ratio between the dominating   color number and 

dominating color class number is defined as an index of 

dominating   color number and is denoted by    ( ). In 

other words, it is the maximum of probability of getting a 

dominating   color sets in a   coloring. Therefore, 
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     ( )    

Example 2.1 

 
Figure 1. Non-Uniquely Colorable Graph   

 

Clearly, the graph   has chromatic number  ( )   . Since the 

vertex   may get the same color of either   or  , it is not 

uniquely colorable. There are two possible 3-coloring exist, say 

   and    where 

 

                   and                    
 

Since    ,        and       are dominating sets,    and    

have two dominating sets    ,        and    , 
      respectively. Therefore maximum two dominating--

color set exist in a color class of all possible   coloring of   . 

Thus   ( )   .  

 

Consider,        . All possible distinct dominating--

color sets in all possible  coloring of    

is                  . Thus the number of all possible distinct 

dominating--color sets in all possible   coloring of   is 3. 

By definition of domination color class number,  ( )     
 

The index of dominating   color number is    ( )   .  

The following are the immediate results from the definitions, 

 

Theorem 2.1 If a graph   is uniquely  colorable, 

then   ( )  ( ). Converse need not be true. 

Proof. By Theorem 2.1, since   is uniquely colorable graph  , 

  ( )     ( )  Also by definition of dominating color class 

number,  ( )   |    |    ( ). Therefore,  ( )   ( )  

 

Conversely, let   ( )  ( )  To prove that   is uniquely 

 colorable, consider the graph   in Example 2.1 as a counter 

example which is not uniquely colorable graph and   ( )  
( )     
 

Corollary 2.1 If a graph   is uniquely   colorable, 

then    ( )   . 

 

Theorem 2.2 For any graph  , ( )    ( ). 

Proof. By theorem 2.1, for uniquely  colorable graph  , 

  ( )  ( )   
Suppose   is non-uniquely  colorable graph, there exist at 

least two sets of color classes. For    , let   ,   ,…,    be 

the all possible color classes of   coloring of   such that 

|  |  |  |    |  |.  

Let                  be the color class in which maximum 

number of dominating   color sets exist, since   is non-

uniquely   colorable graph, at least one color class is not a 

dominating  color set.  In                 , if there are 

color classes, say              , which are not dominating 

sets and there exist a vertex set            such that 

       ,       is a dominating set in any           . 

The number of dominating sets in the color class in    is 

( )   . Then there exist at least   dominating sets        , 

     .  

Therefore, 

  ( )  ( )      

               ( ) 

From the theorem 2.1 and 2.2, the relation between dominating 

color class number and both parameters chromatic number and 

dominating−χ−color number of any graph   is 

 

  ( )  ( )   ( ) 

 

Theorem 2.3 For any graph  ,   ( )     (⌊
 

 
⌋  ⌊

 

 
⌋). 

Proof. By the definition of dominating set, maximum ⌊
 

 
⌋ 

vertices can be the elements of it. Also, the maximum ⌊
 

 
⌋ of 

vertices can be the elements of dominating   color set. So, 

⌊
 

 
⌋  ⌊

 

 
⌋ vertices occur   combinations in all possible 

 coloring of   . In addition to chromatic number, maximum 

 (⌊
 

 
⌋  ⌊

 

 
⌋) more possible dominating   color sets can 

occur. 

 

III. COMPUTATIONAL COMPLEXITY 

 

The decision problem of determining dominating color class 

number is NP-complete. Heggernes P and Telle JA proved a 

related problem of partitioning the vertex set of a graph into 

generalized dominating sets and have obtained the theorem: 

“The problem of partitioning the vertex set of a graph   into k 

independent dominating sets in NP-complete for      .” 

Hence, it follows that for arbitrary        , the dominating 

−χ−color Problem is NP-complete [17]. 

Arumugam et al. [3] proved the theorems: 

Theorem 3.1 Dominating−χ−color Problem (3,2) is NP-

complete even if dχ(G) ≤ 2 is known. 

Theorem 3.2 Dominating−χ−color Problem (3,1) is co-NP-

complete even if dχ(G) ≤ 2 is known. 

Garey MR et al. [16] proved that Graph coloring is NP-

complete to decide if a given graph admits a   coloring for a 

given      . In particular, graph vertex coloring is NP-hard to 

compute the chromatic number of given arbitrary graph. 

Consequently, dominating color class problem is NP-complete 

problem. Therefore, it is very clear that finding dominating set 

and coloring of graph, both the problems and its variants are 

computationally hard problems. This has incited us to establish 

bounds on the dominating color class number of a graph in 

general, and to find their exact values for family of graphs.  

 

The following are some trivial observations: 

Theorem 3.3 There is no non-trivial graph G with    ( )      
Theorem 3.5 For a bipartite graph      ( )    

Theorem 3.6 For even cycle   ,    ,    (  )    

Theorem 3.7 For odd cycle   ,     , 

   (  )  {
 ⌊

   

 
⌋                  (     )

 ⌊
   

 
⌋                      
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Proof.  For        :      ,…,    be the odd cycle. For the 

odd cycle, minimum number of vertices required in the 

dominating set is ⌊
 

 
⌋ and the maximum number of vertices can 

be included in the dominating set is ⌊
 

 
⌋. If all the possible 3-

coloring of    is considered to take the union of all 

dominating−χ−color set, then 

 

Case A. If n is not a multiple of 3, then all the possible 

dominating−χ−color set with cardinality  ⌊
 

 
⌋  ⌊

 

 
⌋    ⌊

 

 
⌋  

    ⌊
 

 
⌋    are included in the union.  

Let us define a coloring function              
The all possible distinct dominating−χ−color sets with 

cardinality  ⌊
 

 
⌋ are                              and 

let 

   ⋃   

 

   

 

Then all possible distinct dominating−χ−color sets with 

cardinality  ⌊
 

 
⌋    are                            , 

     , and let  

   ⋃   

 

   

 

Similarly, all possible dominating−χ−color sets with 

cardinality  ⌊
 

 
⌋    are      (   )  {       }  

{               } ,      , and let  

   ⋃   

 

   

 

Whereas the     ‘s are distinct for all     ⌊
 

 
⌋  ⌊

 

 
⌋.  

Since ⌊
 

 
⌋  ⌊

 

 
⌋  ⌊

   

 
⌋, the     ‘s are distinct for all     

⌊
   

 
⌋. Each    ,     ⌊

   

 
⌋ has   distinct dominating 

−χ−color sets. Totally,     ,     ⌊
   

 
⌋ has  ⌊

   

 
⌋ 

distinct dominating−χ−color sets. 

Case B. If   is multiple of 3, then in addition to  ⌊
   

 
⌋ distinct 

dominating−χ−color sets,   has three color classes, say 

                                    

Because, 

                                 

Totally,     ,     ⌊
   

 
⌋    has  ⌊

   

 
⌋    distinct 

dominating−χ−color sets. 

Theorem 3.4 If   is a complete graph   , then   ( )    

Converse need not be true.  

Since     is uniquely colorable,    ( )     For the converse 

part,    can be described as a counter example,  

 

 
Figure 2. Non-Complete graph with    ( )    

 

The dominating−χ−color sets of    in all possible 3-coloring 

are                         and      .  
 

IV. CONCLUSION 

 

The decision problem in which both domination and coloring 

ideas are required to solve it, has the application of dominating 

color class number and index of dominating   color number. 

In addition to uniquely colorable graph, the graphs can be 

characterized for       Further, on the bounds of   , it is 

possible to sharp the upper bound    (⌊
 

 
⌋  ⌊

 

 
⌋).  

The following are open problem statements for future work, 

 For any graph  ,   ( )    ( )   (⌊
 

 
⌋  ⌊

 

 
⌋). 

 For which graph,    ? 

 Characterization of graph in which    ( )     
where      . 

 The necessary and sufficient conditions to attain the 

bounds 
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